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Abstract. We study the density of complex critical points of a real random SO{m + 1) 
polynomial in m variables. In a previous paper [Mac09], the author used the Poincare- 
Lelong formula to show that the density of complex zeros of a system of these real random 
polynomials rapidly approaches the density of complex zeros of a system of the corresponding 
complex random polynomials, the SU{m + 1) polynomials. In this paper, we use the Kac- 
Rice formula to prove an analogous result: the density of complex critical points of one of 
these real random polynomials rapidly approaches the density of complex critical points of 
the corresponding complex random polynomial. In one variable, we give an exact formula 
and a scaling limit formula for the density of critical points of the real random 50(2) 
polynomial as well as for the density of critical points of the corresponding complex random 
SU{2) polynomial. 



1. Introduction 

The density of real (resp. complex) zeros of random polynomials in one and several 
variables with real (resp. complex) Gaussian coefficients has been studied by many. See, for 
example, [Kac48], [Ric54], [BBL92], [BBL96], [Han96], and [EK95]. In one variable, Shepp 
and Vanderbei [SV95], Ibragimov and Zeitouni [IZ97], and Prosen [Pro96] have studied 
complex zeros of real polynomials. Prosen followed Hannay's approach and found both 
an unsealed and a scaled density formula for the complex zeros of a random polynomial 
with independent real Gaussian coefficients. One consequence of Prosen's unsealed density 
formula is that, away from the real line, the density of complex zeros of a random 5*0(2) 
polynomial, which is the polynomial given by 

N 



j=0 

where aj is a real standard Gaussian random variable, rapidly approaches the density of 
complex zeros of a random SU (2) polynomial, which is the polynomial given by 

N 



2 



j=0 

where Cj is a complex standard Gaussian random variable), as the degree of the polynomial 
goes to infinity. In [Mac09], the author used the Poincare-Lelong formula to show this 
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convergence, recovering Prosen's single variable result [Pro96] for the S0{2) polynomials, 
and also showed the convergence to be exponential. In Theorem 1 in [Mac09], the author 
generalized this result to the density of zeros of a random SO{m + 1) polynomial system in 
m variables (defined below). Figure 1 illustrates this convergence in the case m = 1. Note 
that the density functions are normalized so that the density in the complex coefficients case 
is the constant function 1. In this paper, we use a generalized Kac-Rice formula for systems 
of real polynomials to prove an analogous result for the density of critical points of a random 
SO{m + 1) polynomial in m variables. This convergence can also been seen in Figure 1. 

1.1. Density of zeros. Consider hm,N = {fi,N, ■■■ , fm,N) '■ — C™, where fg^N is a 
polynomial of the form 




where the Cj's are independent complex random variables, where the random vector c = 
{4} G C^^,Dn = (^+"'), has associated measure d'y, and where we are using standard 
multi-index notation. Let 

djccc = ^e-I^I'dc, (2) 

where c G C"^^, and S^dj^t is the delta measure on c C'^^. Here d'^cx corresponds 

to the standard complex Gaussian coefficients case, where we are considering the random 
SU (m + 1) polynomial 




where the Cj's are standard complex Gaussian random variables, and d'y^eai corresponds to 
the standard real Gaussian coefficients case, where we are considering the random S0{m + 1) 
polynomial 

\J\=0 ^ ^ |J|=0 ^ ^ 

where Cj = Oj + zO is a standard real Gaussian random variable. 

Let E.^{^ denote the expectation with respect to 7; or, in other words, integration over 
C"^^ with respect to the probability measure ^7. Let 

2'h„,jv(z) = 4 

hm,jv(z)=0 

denote the distribution corresponding to the zeros of hm^Ar(z). Here, 5z is the Dirac delta 
function at z, so 2'h„^jv{z) is a collection of deltas located at the zeros of h. i?^(Zh^^(z)) 
denotes the density of the zeros of h with respect to the measure ^7. We now restate the 
result in [Mac09] on the density of zeros: 
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Figure 1. (Left) The density of complex zeros of a random 5*0(2) polynomial 
for = 10, 25, 100. Because of symmetries, it is sufficient to plot the density 
along the imaginary axis for < y < 1. Here we have normalized so that 
the density of zeros of a random SU{2) polynomial is the constant function 1. 
(Right) The density of complex critical points of a random 5*0(2) polynomial 
for = 10,25, 100, plotted along the imaginary axis for < y < I. Again, 
we have normalized so that the density of critical points of a random SU{2) 
polynomial is the constant function 1. In both cases, the density is converging 
to 1. 



Theorem 1 (Theorem 1 in [Mac09]). 

^7reai(^h„,iv(z)) = ^7ca. ( ^h„,iV (z) ) + 0(e"^^^), 

for all z G C^yM™, where Xz is a positive constant that depends continuously on z. The 
explicit formula for is 

1 + z ■ z 



K = - log 



1+ z 



(4) 



Also, for compact sets K C C^yM™, the density converges uniformly with an error term of 
0{e~^^^), where Xk is a constant that depends only on K . 

Note that for z G C^yM™", the argument of the log is less than 1, and Az is positive. 
The formula for i?^^^(Zh^ ^^(z)) is a special case of a result in [EK95], and is a very simple 
function: 

mN"^ 1 
vr™ (1 + ||z||2)'^+i' 

The formula for E^^,^^^{Z\^^ is very complicated, but, by this theorem, we know that 
i?^^^^,(Zh„ equals a very simple function, E^^^(Zh,„^(z)), plus some exponentially small 
term. 

Shiffman and Zelditch [SZ99] and Bleher, Shiffman, and Zelditch ([BSZOOa], and [BSZOOb]) 
have generalized many results about random polynomials on and to real and complex 
manifolds. In particular, in [BSZOOa], the authors use the Poincare-Lelong formula to find 
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a formula for the density of zeros and correlations between zeros. In [Mac09], we used this 
same approach to prove Theorem 1. 

1.2. Density of Critical Points. In [DSZ04], Douglas, Shiffman, and Zelditch study the 
critical points of a holomorphic section of a line bundle over a complex manifold, motivated 
by applications in string theory. They use a generalized Kac-Rice formula to find statistics of 
these complex critical points, namely the density of critical points and correlations between 
critical points. In this paper, we study complex critical points of a random polynomial with 
real coefficients and generalize the result in Theorem 1 of [Mac09] to the density of critical 
points of a random SO{m + 1) polynomial. More precisely, let 

N /ATX 

h„,^(z)= $^cj z-^, zgC"\ (6) 

\J\=o 

where the cj's are independent complex random variables, where the random vector {cj} G 
C^N^ = (^+'"), has associated measure c?7, and where we are using standard multi-index 
notation. Let d'y^x and d^jreai be as defined in (2), and let 

Ch„,jv(z) = 

be the critical points of h. We prove the following: 
Theorem 2. We have 

^7reai(Ch„,iv(z)) = ^7c.(Ch„,jv(z)) + 0(e"^^^), 

for all z G C^yiR™", where Az is a positive constant depending continuously on z. The explicit 
formula for Az is 

1 + z ■ z 



A^ = - lo£ 



1 + l|z| 



(7) 



Also, on compact sets K C C^yM*", the convergence is uniform with an error term of 
0{e~^^^), where Xk is a constant that depends only on K . 

In other words, at any point away from M™, the expected density of critical points in the 
real coefficients case rapidly approaches the expected density of critical points in the complex 
coefficients case as N gets large. Note that Az in (7) and (4) are the same. 

Finding the density of critical points of h is equivalent to finding the density of simul- 
taneous zeros of the m partial derivatives of h, or in other words, the density of zeros of 
iC-^C-, where 

^ /AT\ 1/2 ^ 
|J|=0 

Comparing (8) with (3), it seems at first glance that the critical points case in Theorem 2 
is very similar to the zeros case in Theorem 1. However, it is more difficult than that case 
since the m partial derivatives are not independent random functions. The coefficients in (8) 
are the same for all g, while the coefficients in (3) are different for all q (and independent). 
This fact makes the Poincare-Lelong method used in [BSZOOa] and [Mac09] more difficult to 



, , , dh ^ /JVV' 9 J 
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apply when m > 2. We instead use a generalized Kac-Rice formula for real systems similar 
to that used in [DSZ04]. If m = 1, /i is a polynomial in one variable and has just one partial 
derivative, so there is no problem with dependent partial derivatives and we can follow the 
Poincare-Lelong method in [Mac09]. 

1.3. An exact formula in one variable. In one variable, both E^^^^^{Ch^ ^(2)) and E^^^{Ch,^ ^(2)) 
are simple enough to write down. We consider the polynomial 

N /^r\ 1/2 



hNiz) 



where z G C, where the c/s are independent complex random variables, and where the 
complex random vector (q) G has associated measure d'j. Let d^jreai and d'jcx be as 
defined in (2), with m = 1. The critical points of h correspond to the zeros of 



Using the Poincare-Lelong formula, we can show that 



1/2 



_d_ 
dz 



N 



z . 



+ 



TT V(l + kP)^ iV(l + |z|2)2 (1 + A^|z|2)2 



We can also write 



where E^iz) is some "error term," and we can show that 



E^iz) 



1 92 



vr dzdz 



log + \ l- 



{mz^ + N){1 + z^)^-^ 



(A^2|^|2 + JV)(l+ |^|2)7V-2 



(9) 
(10) 

fll) 



The steps used to obtain (9), (10), and (11) are very similar to the steps used in Section 2 
of [MacOQ], and we omit the details here. 

1.4. A scaling limit formula in one variable. Consider the scaling limit of the density, 

1 



Using (9), (10), (11), and (12), we get 

1 



12 



1 

TT 



12^2 y ' 



and 



(z) = (z) + E^ (z), where 



"lex 

lim -^En\ 



'yreal 

z 



(13) 



1 92 



TT dzdz 



log 1 + Wl 



(1 + z2)e 



(1 + |z|2)el-l= 



The formulas (11) and (13) are similar to the corresponding formulas in [Mac09]. However, 
note that (11) does not have the same symmetries as the unsealed density of zeros in [Mac09]. 
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Also, in [Mac09], the author shows that the scaled density of zeros tends linearly towards 
the real line and depends only on y = Im z : 

for y near 0. For critical points, we still have that K^^^^{z) tends linearly toward zero as we 
approach the real line, but because of the additional x^jfp term in (13), the scaled density 
of critical points is no longer a function of only y = Imz: 

1 + 3x^ + 6x^ + 6 
(2 + 2a;2 + a;4)i 



Ireal ^ ^ 



y + 0{y^ 



(14) 



for y near 0. In Figure 1.4, we plot (13) along the imaginary axis, where we have the 
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Figure 2. The scaled density of critical points in one variable, plotted along 
the imaginary axis. 

asymptotics 

KZ.M) = ^-^y + 0{y% 

The remainder of this paper is organized as follows. In Section 2 we introduce some 
notation and state three intermediate results we will need to prove the main theorem. In 
Sections 3-5 we prove these intermediate results. Finally, in Section 6, we use the three 
results to prove Theorem 2. 

2. Some notation, and 3 intermediate results 
We first consider a complex random polynomial ^ : C™ — i- C of the form 

N 
\J\=0 
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as described in (6). The following multi-index notation is being used: 

Z = (^1, ^m,)) 
1^1 = jl + ■■■ + jm, 

cj = Cji...j^ £ C, 



N 



,jl,---,jrnj {N -ji - ... -jmV.jll ... jj.' 



i — ^1 . 



Instead of studying the critical points of this random polynomial h, we could equivalently 
study the zeros of (/i^at, /m,Ar) ■ — > C™, where f^ j^ is a complex polynomial of the 
form 



\J\=0 



z , 1 < q < m. 



We'll consider f^^{z) as a function from M^*" to M^™, use the fact that 

where = + i/*, and find E^{Z fr...fr^f^...J^^). 
Consider 

\/l ) • • • ) Jmi 111 ■ ■ ■ 1 JmJi 

let Zq = Xq + iyq, and let ^ be the matrix of derivatives of the function 

{Xi, . . .Xm,yi, ■ ■ ■ ,ym) ^ ^ 

from M^™ — M^'". We can write 



'^^q' J l<q,q'<m V "^^/g' / l<q,g'<m 



\ 



\ 



dXqi 



\9yq' J l<q,q'<m J 



Note that since h and /„ are holomorphic, the Cauchy-Riemann equations hold, giving 



dn dn df: di 



dyqi dXqi dyqi dxq> 

Note also that since /!' = 7- — and /* = 7- — , we have 

^ OXq ^ axq 

dXqi dx'qdXq dXqdx'^ dXq ' 



(15) 



and likewise, 



dXqi dXq 



(16) 



(17) 
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In light of (15), (16), and (17), we can choose a new basis and write 



dx„i I g^^, \dXqi y 



where dm = m{m + l)/2. Below, ^ will always refer to the matrix, ^ to the vector, and C, to 
the complex conjugate of the vector ^. 

Let be the covariance matrix of ^ ^ ^ G ]R2m+2(im -^yj^j-^ respect to 7. We can write A^ 
in block form as 

A^ = ^ ^ (('^''^ + ^'^™) ^ (^"^ + ^'^™) i^atrix) 



= (Ey(xqXq')) , = AE (2m X 2m matrix) 



'Q,q 



= (E-y(xgi,j)] (2m X 2dm matrix) 

^ ^ Q,j 

= [E^^^j^j/)) = CT {2dm X 2dm matrix) 



where 1 < q,q' < 2m, and 1 < j,j' < 2dm- Let A;^^ be the lower right block of A;^^. Then 
we have 

A^ = C^- B^A-'B,. (19) 

We now state three results which will be used to prove the theorem. In the first result, we 
reduce finding E^{C\^) to finding a term we call £'A^(det^). 

Lemma 2.1 (Using the Kac-Rice formula). We have E^(Ch) = -Ea (det^). 

TT™ ^y det A^ 

Next, we use Wick's formula to write i?A^(det^) in terms of entries of A-y. 

Lemma 2.2 (Using the Wick formula). i?A^(det^) = 0(A^), where 0(A^) is a homogeneous 
polynomial of degree m in the entries of Aj. 

Finally, we show that A^^^^, and A^^^ differ by an exponentially small term. 
Proposition 2.3 (A relationship between the real and complex Gaussian cases). 

(l + z.z)^-(l + z.z)^+^^' ),-eC\M, 

where is given by the same formula as (7). 

In the next three sections, we prove these results. In the last section, we use these results 
to finish of the proof of Theorem 2. 

3. Proof of Lemma 2.1 - Using the Kac-Rice formula 

Note that because of Cauchy Riemann equations, det ^ is positive, and a/ det = det ^. 
By the Kac-Rice formula for a system of real functions, we have 

E,{Zfr...fr^f....f^= I Vdet(a^)D^(0,e;z)rfe= / det e 1^,(0, e;z)rf| 
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where D^(X., ^; z) is the Gaussian density in 2m + 2dm real variables given by 



9 



m+dr 



^det A. 



Recall that in (18), we wrote in block form. Note that we can also write A^, B^, and 
in block form as 



5. 



E ( 

^"f yg 9v 



T {Jldx^, "g,q',p' 



( 



T \ dxp dXpi 



E, 



T V dxp dXp, 



q,p,q',p' 



q,p,g ,p 



i-r 

\h dx. 



E^ 



E^ 



E^ 



J g dXp, 



g, g ,p 



g,p,g ,p 



g,p,g ,p 



(20) 
(21) 

(22) 

(23) 

(24) 



where 1 < q < p < m, and 1 < q' < p' < m. 

Now, using the fact that for Z?^(0, ^; z) only the lower right block of A~^ matters, we can 
write 



T-m+dr, 



TT'"^"™ y/detA^ 

1 



TT- ^/ma; 71'^'^ y/d^tA; "^""^ ( 2 ^' 



We have also used the fact that det A^ = det det A^. We now have 



E^{Ch) 



7r"^A/det A 
1 



(detO- 



7r"™iydetXJ 



vr' 



'^/detA^^ 



:^A,(detO- 
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4. Proof of Lemma 2.2 - Using the Wick formula 

We now want to evaluate E\^{det^) using the Wick formula, which states that if Xi, . . . , 
are jointly Gaussian random variables, then 

2m m 
q=l q=l 

where the sum is over partitions of {1, 2m} into disjoint pairs {iqjjq}- First we write 

(2m \ /2m 

m 

= Y ^9n{cr)J2YlEA^ {^^,M^)^J„-{h)) (25) 
TeS2m g=i 

where a is a permutation, and where the second sum is over partitions of {1, ...,2m} into 
disjoint pairs {iq,jq}- Note that terms of the form 

are actually entries of A^. So we have written ii^A^(det^) as a sum of products of m entries 
in A^. More specifically, we have that 

EA,(detO = 0(A7), 
where 0(A^) is a homogeneous polynomial in the entries of A^. 

5. Proof of Proposition 2.3 - A relationship between the real and complex 

Gaussian cases 

Suppose now that we have the measures d'jcx and d'jreai as defined in (2). Note that d'jcx 
corresponds to the standard complex Gaussian coefficients case, where we are considering 

^ /Ar\i/2 



\J\=0 

where the cj's are standard complex Gaussian random variables, and d'jreai corresponds to 
the standard real Gaussian coefficients case, where we are considering 

N .,,sl/2 N /,,xl/2 



\J\=0 ^ ' |J|=0 

where cj = aj + iO is a standard real Gaussian random variable. 

We now state four lemmas we need to prove the proposition. Each result is a variation on 

E (■) E (■) 

the following theme: on \ M™", \ and 7 — ^''""'^ \ . , are either equal, or differ by 

^ (1 + z -z)^ (1 + z -z)^ 

an exponentially small term 0{e~^^'^). 

Lemma 5.1. Let z G C™ \ W^. The following are true for all q, q',p,p' : 



(1 + z-z)^ (1 + z-z)^ ^ ' 
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(2) 



(3) 



[l + z-z] 



N 



(1 + z ■ z) 



N 



+ 0(e- 



E. 



Ireal \ dZp dz^i 



E. 



7ci y dzp dZp, 



+ 0(e 



(1 + z-z)^ (1 + z-z)^ 

Proof. We prove just (1), and the rest are proved similarly. For (1) we have 



N 



AJ\=o 




7i_n I Jc-I— n V / \ / 



1/2 



|J|=0|K|=0 



dza dz„> 



since E^^cjCk) = for all J,K. Note that E^^cjCk) = 1 when J = K, so we have 
E^Afqfqi) 7^ 0; see Lemma 5.2. Similarly, we have 



^Ireal ifqfq') 

(1 + z ■ z)^ 



(1 + z 



|J|=0|K|=0 
N N 



dZq dZqi 



(1 +Z 



nY^'/nV^^ d J d 



K 



\J\=0\K\=0 
N 



dZq dZqi 



(1 + z-z 



N 



E 

|J|=0 



N\ d r d 



J J dZq dZqi 



since E^^^^^ {ajax) = 1, when J = K, and is zero otherwise. We can then write 

N 



q'j 



1 



(1 + z ■ z)^ (1 + z ■ z) 



N 



|j|=o 



N\ d J d ^ 



J I dZq dZqt 



d d 



(1 + Z ■ Z)^ dZq dZq, 



N 

E 

|j|=o 



z-^z^ 



(26) 



' ^^(l + z-z)- 



(1 + Z ■ Z)^ dZq dZq. 
N{N - l)ZqZq> f 1+Z-Z 



(1 + Z-Z)2 \1 + Z-Z 

Since |1 + z ■ z| < |1 + z ■ z| = 1 + z ■ z, for all z G C"" \ I 



N-2 



for all z G \ M™, which implies that 



1 + z-z 
1 + z-z 



N-2 



we have that 



0{e~^^^),z G C"^\ 



1 + z-z 



1 + z-z 



< 1 



where 
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log 



1 + z ■ z 



1+ z 



. So we have 



□ 



(1 + z-z)^ 

The results (2) and (3) in Lemma 5.1 can be proved similarly by defining z and pulling the 
derivatives outside the sum as we did in (26). 

Lemma 5.2. We have for all q,q',p,p' : 

(2) E^r.al fq 



' dZr,' 



' dz„' 



(3) E. 



dfq dfg. 



dzp dzpi 



E. 



lex 



dfq dfq' 

dzp dzp' 



Proof. We again prove just (1). We have 



dz, 



j\=o ^ ^ 



q 

1/2 



to 

\K\=Q ^ ^ 



1/2 



d 



dZq, 



1/2 



d r d 



\J\=0\K\=0 
N 

E 

|J|=0 



dZq dZqi 



N\ d J d , 

Z 7,\ 



J I dZq dZqi 



since E^^^ (cjCk) = 1, when J = K, and is zero otherwise. Likewise, since E^^^^^{cjCk) = 
E-yreaA'^J^) ~ E-y^^^iiajax), sud since E^^^^^i^ajax) = 1 when J = K and is zero otherwise, 
we have 

N N 1/2 1/2 



" fN\ ' fN\ ' d 



|J|=0|K|=0 
N 



dZq dZqi 



|J|=0 



By pulling the derivatives outside the sum as we did in (26), (2) and (3) can be proved 
similarly. □ 

Lemma 5.3. Let z G C™ \ M™. Using the results of the previous lemmas, we have, for all 
q,q',p,p': 

(1) 



E'yre.al if q f q') _ -^7c^ if qfq') -\^N\ 

(1 + z-z)^ ~ (1 + z-z)^ ^ 



E, 



(2) 



Iraal \ J q 8x^1 



771 ( fr ^^q' 
^■ycx \ J q dxp, 



(1 + z-z; 



TV 



(l + z-z 



N 



+ 0(e 
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(3) 



E. 



(1 



z ■ z 



(1 + z-z; 



N 



+ 0(e 



S'zmz/ar resTito hold for f^fj^,, /*/^,, and fj^,. 



'qJq' 



Proof. We again prove just (1). Using fl = \Uq + fq)J\ = h^fq - fq)^ and Lemmas 5.1 and 
5.2, we have 



^-Jrealifq fa') 1 



Ireal \ J q J q' 

(1 + z ■ z)^ 

1 

~ 4i 



Ai 



(1 + z-z)^ 

E-y^xifqfq' 



+ 0{e 



^icx ifqfq' 



(1 + z-z)^ (1 + z-z)^ (1 + z-z)^ (1 + z-z)^ 

X.N\ EjcAfqfq') , E^cAfqfq') ^IcAfqfq') , 



(1 + z-z)^ (1 + z-z)^ (1 + z-z; 



N 



0{e 



(1 + z-z)^ 

for all z G C™" \ M™. Statements (2) and (3) could be proved similarly, noting that fq is 
holomorphic and §^ = f^. 



□ 



Using the Lemma 5.3, we get the following results: 

Lemma 5.4. We have 

A A 

^ ' (1 + z-z)^ (1 + z-z)^ ^ ^ ' 

^ ^ (1 + z-z)^ " (l + z-z)^^^^'^ ' 

(3) TT^T^ = 7T^^ + 0(e-^^^) 



Proof. From 20 we have 



^ f -^Irealifqfq') 

(1 + Z ■ z)^ / ( fi-fr\ 

I ^IreaAJ qJ q' ) 

\ (1 + z-z 

and using Lemma 5.3, we get that (27) equals 



N 



q,q 



q,q' 



^■yrealifqfq') 

(1 + z-z)^ 

-^Ireal ifqfq' / 

(1 + z-z)^ 



9,9' / 



(27) 



/ f E^cAfqfq') j^Ql^^-X^N^ 



(l + Z-Z 



9,9 



E-Tcxifqfq') _^Q^^-\^N^ 



+ 0(e-"^^ 



9,9 



E-r^xifqfq') r)|'„-A,^f^ 

(1 + z-z)^^ ^ 



^Jcxifqfq') r)/„-A,^f^ 

(1 + z-z)^^ ^ 



9,9 



9,9 



7ca; 



(1 + z-z) 
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which proves (1). The matrices B^^^^^, B^^^,C^^^^i, and C^^^ can be written out similarly to 
get (2) and (3). □ 

Returning to the proof of the proposition, we can use (19) and the Lemma 5.4 to get, 



0{e 



(1 + z-z)^ (1 + z-z)^ (1 + z-z)^ 

(1 + z-z)^^ ^ 

6. Proof of Theorem 2 

By Lemma 2.1 we have 

i^wl^h.(z)J ^„ /detA, , vr- / detA,_, g + z-zF"-- ^^^^ 

Y (l+z-z)2JV'" 

Note that from (25) we can see that each term in the homogeneous polynomial ^ (det ^) = 
(f){A^^^^J has m factors, each of which is an element of A^^^^^^ and likewise for E/<^ ^^(det^). 
This fact, along with Proposition 2.3, gives 

^A.^eJdetQ _ ^A,.,(detO , 

(1 + z-z)^™ (1 + z-z)^-^ ^ ^' ^ ' 

and from (28) and (29) we have 

,(a.(.)) = -^^=f7^^^^-^^ + 0(e-^^^)V (30) 

V (l+Z-z)2JV™ 

Also note that is a 2m x 2m matrix, so each term in det has 2m factors, each of which 
is an element of A^. Using this fact and Lemma 5.4, we have 

(1 + Z-Z)2^™ (1 + Z-Z)2A^™^ ^ ^' ^ ' 

and (30) and (31) give 

- ' „ ( + (32) 



(l+Z-z)2 



+ 0(e-^^^) V(l + z-z) 



(33) 



Simplifying (32) further and using Lemma 2.1 again gives us 



(l+Z-z)2'Vm 

+ 0(e- 



1 i?A_(detO , 



vr'" ^/detA^, 
^>.(Ch,(z)) + 0(e-^^^) 
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